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ON THE SPECTRAL SEQUENCE CONSTRUCTORS
OF GUICHARDET AND STEFAN

DONALD W. BARNES

ABSTRACT. The concept of a spectral sequence constructor is generalised to
Hopf Galois extensions. The spectral sequence constructions that are given
by Guichardet for crossed product algebras are also generalised and shown to
provide examples. It is shown that all spectral sequence constructors for Hopf
Galois extensions construct the same spectral sequence.

1. INTRODUCTION

A. Guichardet [3] has given two constructions for a spectral sequence with E5? =
HP(G,H%(B, X)) and target the Hochschild cohomology H*(G x, B, X) of the
crossed product algebra A = G X, B, where G is a group, B is an algebra, « is a
representation of G by automorphisms of B and the multiplication in A is given by

(9:0)(g',b') = (99", a ' (D)).

Here, X is a left and right A-bimodule or, equivalently, a left module over A¢ =
A® A°P where AP is the opposed algebra of A. These constructions are analogous
to the Hochschild-Serre constructions for the spectral sequence of a group extension.
He has asked if the methods of Barnes [1] can be used to show that they construct
the same spectral sequence.

D. Stefan [5] has given a spectral sequence, based on the Grothendiek composite
functor spectral sequence, for the cohomology of a Hopf Galois extension.

The three contexts have some features in common. All have a “large” algebra A
and the category A of A-(bi)modules, a subalgebra B, a “small” algebra C' which
plays the role of a quotient of A by B and the category C of C-modules and a
category D in which the filtered cochain complexes are constructed. All have a left
exact functor ¢ : A — C and a left exact functor ¢ : C — D, and the spectral
sequences have as target the right derived functors of the composite 8 = 3 o ¢.
Throughout this paper, ¢, ¥ and 6 will denote these functors.

In Barnes [I], A is an augmented algebra over a commutative ring & and C is
the quotient A//B of A by a normal augmented subalgebra. A, B and A//B are all
assumed to be projective as &-modules. The functor ¢ is given for the left A-module
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X by
¢X = XB = {2 € X |bx = e(b)x for all b € B}.

For a C-module Y, Y = Y¢ and we have 9¢X = X4 for any A-module X.
In this context, ¢ has a left adjoint j : C — A, and use is made of the counit
™ =j¢: A— A of the adjunction. Note that ¢j = id : C — C. We shall refer to
this as the HS context.

In Guichardet’s paper, A is the crossed product G X, B, where B is an algebra
over the field &, C' is the group algebra KG and the functor ¢ is given for the left
A¢-module X by

¢X = XP = {2 € X |bx = b for all b € B}

with the action of G given by gz = (g,1)x(g~!,1) for g € G and x € XB. For the
RAG-module Y,
VY =YY ={yeY|gy=y forall g e G}

In this context, ¢ does not have a left adjoint j. The assumption that K is a field
can be weakened if in some places we replace “injective” by “relatively injective”.
We require that £ is a commutative ring and that B is K-projective. We shall refer
to this as the G context.

In Stefan [5], C' is a Hopf algebra over the field |, A is a C-comodule algebra
and B is the subalgebra of coinvariants. Thus we have an algebra morphism A4 :
A — A® C making A a right C-comodule, and

B =AY ={aec A|Aas(a) =a®1}.

Stefan refers to this situation as “the extension A/B”. It is assumed to be C-Galois,
which we explain in section 2 below. As in the G context, for the A-bimodule X,
we set $X = XPB. This is made into a right C-module using the action defined
by Stefan [5] Proposition 2.3] and explained following Lemma 2.1 below. For the
C-module Y, we put Y = Y . Again, we weaken the assumption that £ is a field.
We require that K is a commutative ring and that A, B and C are K-projective. We
refer to this as the S context. It generalises the G context since the crossed product
algebra A = G X, B becomes a C-comodule algebra if we set A4(g,b) = (g9,b) @ g
for g € G and b € B. If in the HS (Hochschild-Serre) context, A is a Hopf algebra,
we may regard it as a C-comodule algebra with the comodule structure given by the
comultiplication of A followed by the natural homomorphism A® A — A®Q A//B.
A left A-module X may be regarded as a bimodule by setting za = e(a)z for a € A
and x € X, where ¢ is the augmentation. This does not change ¢X = X2 now
defined as {x € X | bz = «b for all b € B}, nor does it change the R¢(X), although
it does change the injective modules used for their calculation.

2. PRELIMINARIES

We follow the notation for comodule algebras used in Schneider [4], with the
exception that we denote the Hopf algebra by C, reserving the symbol H for coho-
mology. Thus we have the comodule structure map, Ay : A — A® C, and express
the image of an element a € A by As(a) = > ap ® a;. The comultiplication
Ac: C — C®C is written Ac(c) =Y ¢1 ® ca. The augmentation of C is denoted
by e and the antipode by S. The canonical map can: A®p A — A® C' is defined
by can(a ®p o) = Y aaj; ® a}. That A/B is a Hopf Galois extension means that
can is invertible, which we always assume. Thus for ¢ € C, there exist elements
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ri(c),l;(c) € A, not uniquely determined, such that can™!(1®c) = > r;(c)®@pli(c),
which is unique. We shall need the identities proved in Schneider [4, Remark 3.4(2)].
Throughout his paper, Schneider assumes K to be a field, but his proof of the iden-
tities makes no use of that assumption. For the convenience of the reader, we list
the identities here.

Lemma 2.1. Foralla€ A, b€ B and c¢,c € C, the following identities hold:

( ) >_bri(c) ®p li(c) = 3 ri(c) ®B Li(c)b,
b) > agri(a1) ®p li(a1) =1®pa,
) >_ri(e)li(c) = €(c),

d) Y_ri(c) @B li(c)o @ li(c)1 = Y_ri(c1) ®p li(c1) ® ez,
S ri(e)o ®@p li(c) @ ri(e) = > 1 ®
Yori(ed) @p li(cd) = > ri(d)rj(c) @
(g) 2ri(cr) @B li(er)rj(e2) @B Li(c2) = X ori(c) ®p 1 @B li(c).

Following Stefan [5, Proposition 2.3], we use the above relations to define a right
C-module structure on X for any left A°-module X. For z € X® and ¢ € C
we put x - ¢ = Y. ri(c)xl;(c). This is well defined since Y r;(c) ®p l;(c) is a well-
defined element of A ®p A and bz = xb for all b € B. From 2.1(a), it follows that
x-c € XB. If a left action of C on X P is preferred, one may be defined by setting
c-x = z-(Sc). The assertion of Lemma 2.2 below holds for this left action provided
that the antipode S is bijective.

Lemma 2.2. For an A®-module X, (XB)¢ = X4.

Proof. For x € X* and ¢ € C, we have

x-c= Z ri(c)zl;i(c) = Z ri(e)li(c)x = e(c)x

by 2.1(c). Thus = € (XB)¢. Conversely, if x € (XZ)“, then by 2.1(b),

za = lzxa = E aopri(ar)zl;(ar) E ap(z - aq) E ape(ar)xr = ax

for all @ € A. Thus z € X4. (]
For the crossed product algebra A = G x,, B, the canonical map is given by
can((g,b) @p (¢',0') = (9,0)(¢', V) © ' = (99,0, (D)) @ ¢

In particular, can((g~1,1)®5(g,1)) = (1,1)®g; so we can take r(g) = (¢~1,1) and
1(9) = (g,1). The right action of C = &G on X? becomes z - g = (¢7!,1)x(g,1)
for z € X and g € G. Converting this to a left action gives g -z = (g,1)z(g71, 1),
which is the action used in the Guichardet paper [3].

Note that, in the G context, A® = A ® A°P is free as a right B°-module. In
the S context, we assume that A is flat as left and right B-module. It then follows
that A€ is flat as right B®-module. In the HS context, we assume that A is at least
projective as right B-module. At some points in [I], the stronger assumption that
the module quotient A/ B is projective as right B-module is used. In all the contexts,
by Barnes [I] Lemma 1.4.3], every injective left A- or A®-module is injective as B-
or B¢-module. Further, every injective of A or C is injective as K-module.

For any R-module X, the A-module coinduced from X is the module X* =
Homg (A, X) with the action (af)(a’) = f(a'a) for f € X* and a,a’ € A. (For the
coinduced right module, the action is given by (fa)(a’) = f(aa’).) If X is itself a
left A-module, then the map o : X — X* defined by (ox)(a) = ax for x € X and
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a € Ais a Rsplit A-module monomorphism. X* is a relatively injective left A-
module. (See for example, Barnes [I, Lemma I1.2.4, p. 20].) A module is relatively
injective if and only if it is a direct summand of a coinduced module. By Barnes
[1, Lemma I1.3.9, p. 28], if A is right B-projective, then every relatively injective
left A-module is relatively injective as left B-module. Thus in the G context, every
relatively injective A°-module is relatively injective as B¢-module. In the S context,
to get this conclusion, we must strengthen Stefan’s assumption that A is left and
right B-flat to A being left and right B-projective, although as the next lemma
shows, this strengthening is unnecessary if, as in [5], it is assumed that £ is a field,
since then, every module is fK-injective.

Lemma 2.3. If X is R-injective, then the coinduced module X* is injective.

Proof. Let i : V. — W be a monomorphism and « : V — X* a homomorphism of
A-modules. A
0 Vv —— W

la

X*
We want to construct a homomorphism 5 : W — X* such that $i = «. For
v € V, we have aw € Homg(A, X); so for a € A, we have (aw)(a) € X. We may
regard « as a function A x V' — X, writing «a(a,v) for (av)(a). For b € A, we
have a(bv) = b(aw). So (a(bv))(a) = (awv)(ab); that is, a(ab,v) = a(a,bv), and in
particular a(a,v) = a(1, av). Putting &(v) = (aw)(1) creates the diagram

0 vV — . w

|=

of &-modules. Since X is f-injective, there exists a &-homomorphism W —X
such that Bi = &. Define 8 : W — X* by f(w)(a) = S(aw). Then for b € A, we
have

Bbw)(a) = Blabw) = (Bw)(ab) = (bB(w))(a);

so B is an A-module homomorphism. We have

(Biv)(a) = B(a(iv)) = B(i(av)) = a(av) = (av)(a)
and fi = a. O

We have defined a right C-module action on X? for any left A°-module X. We
need another description of that action in the case where X is a coinduced module.

Lemma 2.4. Let V be a R-module and let V* = Hom(A®, V') be the coinduced A°-
module. Then V*® is isomorphic to the coinduced C-module Hom(C, Hom(A,V)).

Proof. The action of a ® @’ € A® on f € V* is given by
(a@d)f)zey) =f(z@y)(a®ad)) = flza®ady)
for z,y € A. Now

VP ={feV*|(b@1)f = (10b)f for all b€ B}
={feV*|f(zb®y) = f(x®by) for all b € B and z,y in A}.
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Thus V*? can be identified with Hom(A®p A, V), and so, using the canonical map,
with Hom(4 ® C,V) = Hom(C,Hom(A,V)). We calculate the right C-module
action on Hom(C, Hom(A,V)) induced by these identifications. For f € V*¥ and
c € C, from the A%-action on V', we get fc= > (ri(c) ® l;(c))f. Thus

(fo@oy) =3 fani(e) @ Lie)y).

For f € Hom(C,Hom(A,V)) we have the corresponding f/ € Hom(4A ® C,V)
given by f'(a®c) = f(c)(a) and f” € Hom(A ®p A,V) given by

e @py) = f(can(z ®@py)) =Y ['(zyo @ 1)
Thus,
fe)a) = flla®e) =Y f(aric) ®p Li(c).
So for ¢ € C, f¢ is given by
(fe)(e)a) =D _(f"¢)ari(c) @ Li(©))
=D fari(o)r(e) @5 (e )i(e)
= Z " (ar;(dc) ®p l;('c)) by 2.1(f)
= f(dc)(a).
Thus the action (f¢')(c) = f(¢'c) is that of the coinduced right C-module, [

The next result strengthens Stefan [5, Proposition 3.2]. The corresponding result
in the HS context follows easily from the fact that every A//B-module is an A-
module and that QP is a submodule of Q.

Lemma 2.5 . Let Q be a relatively injective A°-module. Then QF is a relatively
injective C-module. If Q is injective, then QP is injective.

Proof. @ is a direct summand of some coinduced module V* = Homg (A%, V). So to
prove QP relatively injective, it is sufficient to show that Homg(A®, V)® is relatively
injective. But Hom(C, Hom(A, V)) is relatively injective; so by Lemma 2.4, V*7 is
relatively injective. Thus QP is relatively injective. If Q is injective, we may take
V = Q. Since @ is R-injective, by Lemma 2.3, Hom(A, Q) is also K-injective and
Hom(C, Hom(A, Q)) is an injective C-module. Thus Q¥ is injective. O

3. SPECTRAL SEQUENCE CONSTRUCTORS GENERALISED

In Barnes [1l, Chapter III] in the HS context, a spectral sequence constructor for
(¢,1) was defined to be a functor F' from A to filtered cochain complexes in D such
that

(1) F is exact (in every filtration).

(2) F is acyclic on injectives; that is, if @ is injective, then H"(FQ) = 0 for
n > 0 and for all p, H1(*FPQ/*FP*1Q) = 0 for ¢ > 0.

(3) E$F is exact on C.

(4) The inclusion i : XB — X induces isomorphisms EP'F(XB) — EFF(X)
for all p and all X € A.

(5) HF is naturally isomorphic to 9.
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Here, using the fact that A//B-modules are A-modules, that is, using the adjoint
j to ¢, we construct a functor I' = Ef°Fj from C to cochain complexes in D. This
cannot be done in the G or S contexts. So we must include the cochain complex
functor as part of the structure in our definition of a constructor. If F' is a filtered
cochain complex, we denote the component of total degree n by "F, the p'" filtration
by FP, the submodule of filtration degree p and complementary degree ¢ by FP?
and use similar notation for the terms of its spectral sequence E(F). We always
assume that "F° = "F and that "F"*! = 0. The following definition generalises
the one quoted above.

Definition 3.1. A spectral sequence constructor for the pair (¢,) is a quadruple
(F,T,n,v), where F' is a functor from A to filtered cochain complexes in D, I" is a
functor from C to cochain complexes in D, 7 is a natural isomorphism E$°(F) — I'¢
and « is a natural isomorphism H®(I") — % such that

(1) F is exact (in every filtration).

(2) F is acyclic on injectives; that is, if @ is injective, then H"(FQ) = 0 for
n > 0 and for all p, H1(*FPQ/*FP*1Q) = 0 for ¢ > 0.

(3) T is exact and acyclic on injectives.

From (1), it follows that *F?/*FP*" is exact for all p,7. From 7 being a natural
isomorphism and (3), it follows that we have a unique family of natural isomor-
phisms v : HPT' — RP1), the right derived functors of ¥, commuting with connect-
ing homomorphisms, and with v° = ~. We denote this family by ~. Furthermore,

H°F = EX)F = E3°F = HE}°F = H'y~'T'¢,
and so
VH () H'F = 7¢ = 0;

that is, yH(n) is a natural isomorphism from H°F to 6. It follows that H"F = R"0
for all n.

We now prove the results corresponding to Barnes [I, Theorem I11.2.3, p. 42]
and the lemmas leading up to that theorem, beginning with the analogue of |1}
Theorem III.1.5, p. 38].

Lemma 3.2. Let (F,T,n,7) be a spectral sequence constructor. There exists a
unique family of natural transformations nP? : EV4(F) — T?(R%¢) commuting with
connecting homomorphisms and with n?° = nP. The n*? are natural isomorphisms,
satisfy nPTHed = (—1)96nP9, where § is the differential of T, and induce natural
isomorphisms

H?(n*) : By (F) — H"(T(R¢))
and

YH?(n*?) : E3*(F) — (RPY)(R9).

Proof. T is exact by assumption. So {T?(R%¢)|q = 0,1,...} is a connected sequence
of functors, as is {EYY(F) = HY(F?P/FP*1l)|q = 0,1,...}. Both vanish for ¢ > 0
on injectives. By dimension-shifting, it follows that there exists a unique family
of natural transformations n?? : EVY(F) — I'’(R¢) extending the given transfor-
mation 77 : EPY(F) — I'?¢. Since n*° is a natural isomorphism, all the 7?7 are
natural isomorphisms. The argument of [I, pp. 38, 39] applies unchanged to give
the result. d
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Definition 3.3. A natural transformation & : (F,T',n,v) — (F',I",'9") of con-
structors is a pair £F : F' — F’ and &I — TV of natural transformations such that
the diagrams

EP(F) —1— TI'¢  and HYI) —— 9

EID(ﬁ)l lw HO(S)l lid

EN(F) " T HOT) ——
commute.

We shall omit the subscripts from £ and &p. Our next lemma is easier than
[1, I1.2.2] in that the transformation ¢ : I' — I" is given instead of having to be
constructed.

Lemma 3.4. Let £ : (F,T',n,v) — (F',T",n,v') be a natural transformation of
constructors. Then the diagram

EP(F) — TPRig

El liR%

'pq
n

E(F) " TR
commutes for all p and q.

Proof. £R®¢ is a natural transformation of connected sequences of functors. Since
in dimension ¢ = 0, we have £R%¢ = n/?°£(yP°)~1, by dimension-shifting, we have
ERIp = P (nP?) L for all q. O

Theorem 3.5. Let & : (F,T,n,v) — (F',TV,n',v') be a natural transformation of
constructors. Then & induces a natural isomorphism g : E(F) — E(F') of their
spectral sequences, that is, (P9 : EP1(F) — EPY(F') is a natural isomorphism for
all™>2 and all p,q.

Proof. By assumption, v : H(I') —  and +' : HY(I') — 4 are natural isomor-
phisms, and 7/ H°(¢) = ~. Therefore H°(¢) = (7/) ! is a natural isomorphism. By
dimension-shifting, it follows that HP({) : HPT' — HPI” is a natural isomorphism
for all p. The diagram

E}(F) —— T*R%

| E
E}(F) —"— I"*Rig
is, up to sign, a commutative diagram of cochain complexes. (If ¢ is odd, n and
7’ anticommute with the differentials.) Taking H? of this, we get the commutative
diagram
E3'(F) —— (RPy)(R19)

& G

E}'(F') —— (RPy)(R'¢)
in which n,n" and HP(&) are natural isomorphisms. It follows that 57 is a natural
isomorphism and so, that £P¢ is a natural isomorphism for all r > 2. O
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4. GUICHARDET’S FIRST CONSTRUCTOR

For the A°-module X, Guichardet defines the double complex
KP(X) = (F(GP*!, Hom(27! 4%, X))P)¢

with appropriately defined differential, where F(U,V) denotes the set of func-
tions from the set U to the set V. Following Guichardet [3], we set I"(X) =
Hom(®" "t A°, X) with differential

df (a0 ® ag, ..., ant1 @ al, ;)

=aof(a1 ®ay,...,ane1 @ al,q)ag

n
+ Z(—l)zﬂf(ao ® g, - ., AiGit1 @ Q10 Qg1 @ Apgy),
=0

which gives a relatively injective resolution I*(X) of X in A. Also following
Guichardet, we put P, = ®"T1AG with action ¢(go ® ... @ gn) = 990 @ ... ® ggn
and set d(go®...®¢gn) = > o(=1)(g0®@...Gi ...®gy,) and €(go) = 1. This makes
P, a free resolution of 8 in C. We then have

KP1(X) = Homgg (P,, [1(X)P).

Expressed in this way, it is the Grothendiek repeated (relatively) injective resolution
construction for the spectral sequence of a composite functor discussed in Barnes
[1l, Chapter VII], with Homg(P,, ) used as the relatively injective resolution functor
on C. For any relatively injective resolution functor I'* and any projective resolution
P,, setting KP4(X) = Homgg(P,, [9(X)P) gives a constructor (K,T',n,v) with
I' = Homgg(P,, ), n = id and v = id. The spectral sequence constructed is
independent (from the Fs-level onward) of the choice of I* and of P,.

This constructor may also be regarded as an adaptation of the Cartan and Eilen-
berg pair of resolutions constructor discussed in Barnes [I, Chapter VI]. Since C-
modules are not A°-modules, we cannot use Hom ge (P,, I?) as in the HS context,
but use instead Home (P, (19)P) which, in the HS context, is essentially the same.

Stefan in [5] establishes the conditions for the Grothendiek composite functor
spectral sequence. To obtain a spectral sequence constructor, we have merely to
assign functorially the resolutions used in the construction. If we assume that A is
left and right B-projective or if we assume that £ is a field, then we can use the I"™
defined as above and any right C-module projective resolution P, of R.

5. GUICHARDET’S SECOND CONSTRUCTOR

For his second construction, Guichardet defines a filtration on the normalised
standard complex *N (A, X)) where "N (A, X) is the subspace of Homg(®" A, X) of
functions f for which f(as,...,a,) =0 if any of the a; is in &1, and

df (a1,...,an41)
n .
= Cllf(ag, ceey an+1) —|— Z(—l)lf(al, . ,aiai_,_l, ey an+1)
i=1

+ (—1)”+1f(a1, ey )Gt
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The filtration on this complex is given by defining "N O=7Nand™NPforl1 <p<mn
to be the subset of those functions f satisfying

flai, ... aq, g1b1, ..., gpbp)
= f(a1,...,aq,91,- .. ,gp)a;;ggmgp (bl)agfglmgp (ba) ... a;pl(bp,l)bp.

Guichardet takes for I' the normalised standard complex and constructs a natural
transformation from Ef°(N) to I'¢ which, in [3, Lemme 3.11], he shows is a nat-
ural isomorphism. The conditions for a spectral sequence constructor are clearly
satisfied. The purpose of this section is to generalise this to the S context.

To use the normalised standard complex in the S context, we must impose a
further condition on the algebra A. The theory of the normalised standard com-
plex (Cartan and Eilenberg [2| p. 176]) requires that the quotient A = A/&1 be
projective as R-module. We assume this in this section. Equivalently, we assume
that there exists a R-linear map € : A — R such that €(k1) = k. This condition
always holds if K is a field or if, as in the HS context, A is an augmented algebra.

An equivalent definition of NP also given by Guichardet, is meaningful in the
S context. So we use it here but with sides reversed because of our use of right
comodule algebras and right C-modules. For p > 1, we define "IN? to be the subset
of "N (A, X) of those functions satisfying

(5.1) flba,...,an—1,a,) =bf(a1,...,an)
and
(5.2) fla1,...,ai—1b,ai,...,an) = f(a1,...,a;—1,ba;,...,a,) fori=2,....p
for all ay,...,a, € Aand b € B.

The normalised standard complex *N(C,Y) for a right C-module Y is that ob-
tained by treating Y as a bimodule with left action ¢-y = €(c)y. Thus, "N(C,Y)

is the subspace of Homg(®™C,Y) of functions f for which f(c1,...,¢,) = 0 if any
of the ¢; is in K1, with the differential

n

df(c1, .- enyr) = €(e) flez, oy ena)+ D (=1 f(ers .o, iciqas - Cnga)
i=1
+ (_1)n+1f(cla s 7cn)cn+1'
We put TP = PN(C,IN (B, X)) and write NP4 for P*INP. Note that, although
N(B, X) is not, in general, a C-module, this does define &-modules T?9.
For f € NP1(A, X), we put

\I/pq(f)(cl, .. .,Cp)(bl, .. .,bq)
= i (cp) iy () f(liy (1), 1, (6p),ba, - by).

That WP? : NP9 — TP? ig a well-defined K-linear map follows from the next lemma.
We shorten the notation by writing @ for a string a, ..., aq of elements of A of any
length. We further shorten notation by omitting unnecesary subscripts from the

ri(c),l;(c).
Lemma 5.3. If f € NPI(A, X), then for j =1,...,p, and alld € A, b € B and
¢, cl,...,cp €C,
(1) Yor(ey)...r(c) f(i(cr),--.,U(cj),q) is independent of the choice of the r(c;)
and 1(c;).
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(2) 220r(ej)r(cj-1) - r(c) f(er),. . -, U(e;), @)
= () rlen) F(llen). ,l( i)

(3) ZT(C)T(CJ‘)- r(ea) fli(e I
= S r(eg0) .. r(e) fll(ea). - J(Cjc ;

Proof. For a,a’ € A, we put
gjla®pa) Zar (cj—1)...r(c1) f(l(cr),. .., l(cj—1),d , @).
By the condition (5.1), g1 is well defined. Thus (1) holds for j = 1. Also, by putting

a®pad = Zbr(cl) ®pl(cy) = Zr(cl) ®p l(c1)b,

by Lemma 2.1(a), we see that (2) holds for j = 1. We use induction over j.
For 1 < j < p, we have

Y abr(eia) .. .r(e) fl(er), ., 1(ej1),d', @)
=> ar(cj1)...r(c1)f(l(cr), ..., U(cj—1)b,a’,d@)
=Y ar(cj1) ... r(e) f(U(er), -, Uej1),bd, @)

by the induction hypothesis that (2) holds for j — 1 and condition (5.2). Thus
g;j is well defined. Putting a ®p o’ = > 7(¢;) ®p l(c;) gives the assertion (1).
Putting a ®p ¢’ = > br(c;) @p l(c;) and using Lemma 2.1(a) gives (2). Putting
a®@pa =Y r(c)r(c;) ®p l(c;)l(c) and using Lemma 2.1(f) gives (3). O

Lemma 5.4. VU defines a natural cochain map ¥h* : EF® — TP*.
Proof. If f € "NP+! then
WP f)(ery ..o ep)(b, ... bg) = Zr(cp) coor(en) f(l(er), ..., Uep)bi, 1, ba,y ..., by)
=0.
Since "EF = "NP/"NPT! WPe defines a &-linear map W5 : E}Y — TP4. Consider
the expression for > (daf)(l(c1),...,l(¢cp), b1, .., bgt+1). For those terms in which

the string of I(c;)’s is reduced in length, we get by in the p*® place; so those terms
are 0. Thus,

(\Ilp7q+1dz4f)(cla s 7cp)(b1a s 7bq+1)
(1P ST (e) (e ), Ui bas)
+Z DPr(ep) o f(ons (bibiga), )

1)ptatt Zr () ... f(c1),. .. bg)bgin
= (—1)de((\I/”qf)(c1, —osCp)) (b1, bgyt)

by applying Lemma 5.3(2) to the first term. The result follows, the naturality being
obvious. O

We are trying to construct a spectral sequence constructor using N4 = N(A4, )
with the Guichardet filtration as the filtered complex functor. Clearly, we can set
I' =N(C, )and~y=id: H°(C, ) — 1. We still need a natural isomorphism
n: Ef°(Na) — T'¢. Applying H? to the natural cochain map WE® gives a natural
map nP? : EY — PN(C,HY(B, ))=TP(HY(B, )). We must first show that n*°
is an isomorphism of cochain complexes.
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Lemma 5.5. n*° : E3%(X) — I'*X? is a map of cochain complezes.

Proof. An element of EY 0 (X) is represented by a function f € PNP(A, X)) such that
df € PTINPTL For f € PNP, every term t in df satisfies (5.1) and (5.2) for all i except
the term ¢(a1,...,ap+1) = f(a1,...,ap)apy1 for which (5.2) may fail for i = p + 1.
Thus the requirement that df € PTINP*! imposes the one extra condition that

fla,...,apb)apy1 = fla1,...,ap)bapt1, that is, f(a1,...,apdb) = f(ai,...,ap)d.
For such an f, we have, writing ¢ for ¢1,...,cpt1,

(UPH0daf) (@) =D r(epra) - r(en)df (Uer), ., Ucprn))
= r(epr1) ... r(e)l(er) f(U(ca), .-, Ucpt))
+D (=D)r(epra) - r(e) fUer), s (e)lleirn), - Lepta))
+ 3 (1P r(epr) - r(en) fUer), - Uep)(eprn)-
By Lemma 2.1(c),
D rlepra) - r(en)l(e) fUea), - Ucpin))
=e(c1) Y rlepin) o or(ea) fUlea), -, U (cpin)).
By Lemma 5.3(3),
D (=0 r(epra) r(e) fU(er), s (e)leirn)s -5 Uepin)
=Y (1) (cpi) - -reicizr) . r(er) fUer), - (cicign), -, Lepen))-

Also,
D rlepr) vl f(Uer)s - Uep))(ep)
-~ (Zr(cp)...r(cl)f(l(cl),...,l(cp))) 1.
Thus UP+10, f = de U™ f and the result follows. O

For g € PN(C, X B), we define &g € PN (A, X) by
(®g)(a,... Zal al,...,allj);
writing the comodule structure indices as superscripts, Aa; = > al ® a}.
Lemma 5.6. &g € PNP(A, X) and da(®g) € PTINPFHL(A X).
Proof. For b € B, we have
Dg(bas,...,ap z:ba1 al,...,allj)
since A4 (bay) =Y bal ® ai. Thus condition (5.1) is satisfied. Also,
(®g)(a1, ..., aib, aiy1,...,ap)

= Za(l) ..adbad, .. .agg(a%, . .,a;})
= (®g)(a1,...,ai,bai41,...,ap).
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Thus (5.2) is satisfied for all i and ®g € PN*(A, X). Since g(af,...,a}) € X5,
(®g)(a1, ..., apb)
= Za?...agbg(a%,...,a;)
= Za?...agg(a%,...,aé)bz Dg(ai,...,ap)b
and it follows that da®g € PFINPFTL(A, X). O
Lemma 5.7. For g € °’N(C, XB), UP0dg = g.

Proof. For any f-linear function ¢ : C — X, setting u(a ®p a’ ® ¢) = aa’t(c) for
a,a’ € A and ¢ € C defines a &-linear function u: A ®p A ® C — X. By Lemma
2.1(d),

Z r(e)l(c)'t(l(c)") = u

(fbg)(l(cl), SRR l(cp))

o
i
~
—
o
h
~—
o~
—
o
=
~—
(=]
Q
—~
o~
—
Q
i,
~
—
o
=
~—
~

Repeating this argument gives the result. (I
Lemma 5.8. If f € PNP(A, X) and daf € PYPINPTL(A X)), then ®UPOf = f.

Proof. Setting u(a ®p a') = Y ar(ay, ) ...r(a1)f(l(a}),...,l(a}_,),a') defines a

R-linear function v : A®@p A — X by Lemma 5.3(b) and condition 5.2. We have
(@UPf) (a1, ... ap) =Y _al...ad(¥f)(al,...,a})
= Z al. .. agr(azl,) or(al)f(l(a]),. .. ,l(a;))
= Z al...a)_yu(adr(a)) ®p l(ay))
= Z al...a)_,u(l ®p ap) by Lemma 2.1(b)
= Z al...a)_y1r(ay_y)...r(a7)f(l(a)), ..., l(ay 1), ap).
Repeating this argument gives the result. (I

Corollary 5.9. The %0 are isomorphisms.

Proof. EP is the set of f € PN(A, X) with daf € PFINP*1(A, ), and 90 is the
restriction WP | E{’O — PN(C, XPB). By Lemma 5.7, it is surjective and, by Lemma
5.8, it is injective. O
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Theorem 5.10. Suppose A = A/81 is projective as R-module and that A/B is
projective as left B-module. Then (Na,T',n,7) is a spectral sequence constructor

for (¢, ).

Proof. We have to show that the conditions (1), (2), (3) of Definition 3.1 are sat-
isfied. Since

"Na(X) = Hom(®"(A), X) = Hom(A, Hom(®" ' A, X))

and A is R-projective, "N is an exact functor. A function f € "N satisfies the
further condition f(bai,...,a,) = bf(ai,...,ay) for all b € B. In particular,
flaq,...;a,) =0if a3 € B. Thus

"N4(X)=Hom(®" A, Homp(A/B, X)).
Thus "N} is an exact functor. Similarly,
"N (X) = Hom(®?A, Homp (®%A/B, X))
= Hom(®%A, Homp(A/B, Homp (2% 'A/B, X)))

and by induction over p, "N% is exact. Thus condition (1) holds.
Let @ be an injective A°-module. Then H"(NaQ) = 0 for n > 0 by the usual
theory of the normalised standard complex. We have to show that

HI(*N%Q/*NEQ) =0
for ¢ > 0. But
HI(*NKQ/*NE' Q) = EY'N4A(Q) ~ N (C, HY(B,Q))

by Corollary 5.9. But H4(B,Q) = 0 for ¢ > 0 since @ is injective as B¢-module.
Thus condition (2) holds.
Since I'(Y) = N(C,Y), condition (3) holds. O

In the discussion of the filtered normalised complex in Barnes [I, Chapter IV],
the corresponding extra assumption that A/B be projective as right B-module was
needed. If in the HS context, A is a Hopf algebra, then it can be regarded as a
A/J/ B-comodule algebra. The Guichardet filtration is not the same as that given by
Hochschild and Serre, but by the result of the next section, the two filtrations give
the same spectral sequence.

6. UNIQUENESS OF THE SPECTRAL SEQUENCE

As in Barnes [I] Chapter X], we construct for each cardinal «, a cofree functor
which, restricted to the subcategory A, of objects of cardinality less than a, is a
spectral sequence constructor. (This use of the subcategory A, is necessary because
a cofree functor with injective model M and injective basis (M, U) only has the
desired properties with respect to modules embeddable in M.) From the existence
of this cofree functor, we deduce as in [1i Chapter X], that all spectral sequence
constructors construct the same spectral sequence. We need one technical lemma
to get around the difficulty caused by C-modules not being A°-modules. For this,
we again need the assumption that A is &-projective, that is, that there exists a
K-module homomorphism € : A — & with ¢(1) = 1.

Lemma 6.1. For every C-module Y, there exists an injective A-module Q such
that Y can be embedded in QF.
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Proof. We first make Z = Hom(A,Y') a C-module by defining (f-¢)(a) = f(a)c for
ceC,a€ Aand f € Hom(A,Y). We construct an embedding i : Y — Z by setting
(1y)(a) = €(a)y for y € Y and a € A. So defined, ¢ is a C-module homomorphism,
because

(i(ye)(a) = e(a)ye = (e(a)y)e = (iy)(a)c = ((iy) - ¢)(a)
forg€ G,a€ Aand f € Hom(A,Y). It is clearly injective.

Next, we use the standard embedding of Z in the coinduced C-module W =
Homg(C, Z), defining o : Z — W by setting o(z)(c) = zc for z € Z and c € C. We
now have an embedding of Y in Hom(C, Hom(A,Y")). By Lemma 2.4, we have an
embedding of Y in X where X is the coinduced A°-module Hom(A¢,Y’). Taking

any embedding of X in an injective A°-module @), we get an embedding of Y in
QFB. O

We use the theory of cofree functors developed in [I, Chapter X]. Our spectral
sequence constructors consist of two functors and two natural transformations in-
stead of the single functor used in the HS context. To accommodate this, we shall
say that the pair (F,T") of functors, F' defined on A and I" defined on C, is simple
cofree on the basis (M, U, V) if F is cofree on (M, U) and I is cofree on (¢(M), V).

Theorem 6.2. Let C be a Hopf algebra over K and let A be a right C-comodule
algebra with B = A°°“. Suppose A, B and C are R-projective and that A/B is C-
Galois. Let A be the category of left A®-modules, C the category of right C-modules
and let D be the category of K-modules. Let ¢ : A — C and tp : C — D be the
functors defined by ¢(X) = XB and »(Y) =Y for X € A and Y € C. Suppose
A/R1 is R-projective and that A is both left and right B-flat. Then, for any cardinal
a, there exists a simple cofree pair (T,T') with injective model M and injective basis
(M,U,V), and natural transformations n,~y such that on the subcategory A, of
objects of A of cardinality less than o, (T,T',n,7) is a spectral sequence constructor

for (¢, ).

Proof. By replacing a by a suitable larger limit cardinal, we may suppose that every
object in A, has an injective resolution in A, and that every object of C, likewise
has an injective resolution in C,. There exists an injective module X in .4 such
that every object of A, can be embedded in X. Likewise, there exists an injective
module Y in C such that every object of C, can be embedded in Y. By Lemma
6.1, there exists an injective module @ in A such that ¥ can be embedded in ¢(Q).
Putting M = X & @, we obtain an injective module M such that every module
in A, has an injective resolution, all of whose terms can be embedded in M, and
every module in C, has an injective resolution all of whose terms can be embedded
in ¢(M). By [1l Lemma X.3.2, p. 101], there exists a simple cofree functor I" from C
to cochain complexes in D with basis (¢(M), V) for some injective V', and natural
transformation v : H*(I') — R®y which, on C,, is a natural isomorphism. The
construction of T' and the proof of the result now follows exactly as for [I, Theorem
X.5.3, p. 107]. O

Theorem 6.3. Let C be a Hopf algebra over K and let A be a right C-comodule
algebra with B = A®C. Suppose A, B and C are R-projective and that A/B is
C-Galois. Let A be the category of left A°-modules, C the category of right C-
modules and let D be the category of K-modules. Let ¢ : A — C and tp : C — D
be the functors defined by ¢(X) = XB and v(Y) =Y for X € Aand Y € C.
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Suppose A/R1 is R-projective and that A is both left and right B-flat. Suppose
F = (F,Tp,np,vr) and F' = (F',I'n, 0w, Y¥w) are spectral sequence constructors
for (¢,v). Then F and F' construct canonically isomorphic spectral sequences from
the Es-level onward.

Proof. The argument of [1, Theorem X.5.4, p. 109] applies unchanged. U
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